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Abstract. We study boundedness properties of a class of multiparam- 
<^^> eter paraproducts on the dual space of the dyadic Hardy space H^(T N ), 

CN . the dyadic product BMO space BMO^T^). For this, we introduce a 

<■*] ' notion of logarithmic mean oscillation on the polydisc. We also obtain 

, a result on the boundedness of iterated commutators on BMOQO, l] 2 ). 



^ ", 1. Introduction and notation 

In recent years, multi-parameter paraproducts have generated much in- 
terest [U [6l O [11], both in their own right and as building blocks for other 
operators, such as commutators and Hankel operators. 

In this paper, we characterize boundedness of dyadic paraproducts on 



the endpoint spaces BMO d (T Ar ) and Hj(T N ). Here, the spaces H 1 ^ 



and BMO(M Ar ) and their dyadic counterparts BMO d (T Ar ) and H}(T N ) on 
j> ■ the polydisc are the product spaces in the sense of Chang and Fefferman [1] . 

I/"") \ Our main interest will be for the paraproduct denoted below by II on the 

w ' space BMO a! (T Ar ). We will prove a characterization of boundedness in terms 

of a natural notion of logarithmic mean oscillation in the polydisc. 

We then apply the results on paraproducts to obtain a result on the 
■ boundedness of iterated commutators with the Hilbert transforms on com- 

CN . pactly supported functions in BMO(M 2 ). This is motivated by the classical 

one-parameter results in [8] on Hankel operators, or equivalently commu- 
tators with the Hilbert transform, on BMO(T), and by the more recent 
results of Ferguson, Lacey and Terwilleger on iterated commutators with 
' the Hilbert transforms on L 2 (R N ), see [6] I10j. 

The notion of logarithmic mean oscillation was originally introduced in 
the one-parameter setting for the characterization of multipliers of BMO 
and Toeplitz operators on H 1 |17[ [TO] . The corresponding multiparameter 
results, which rely on our results here, are the subject of a forthcoming paper 

eh. 

The paraproduct denoted by A below and continuous analogues have been 
considered on BMO d (T 7V ) and BMO(T 7V ) before, see [HE]. We restrict most 
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of our presentation to the two-dimensional case. As the general case follows 
in the same way, we will just give the corresponding results. 

The paper is organised as follows. In Section [21 we prove the main tech- 
nical results on the paraproduct II. In Section [3l we give conditions on the 
boundedness of the other paraproducts. The general iV-parameter case is 
treated in Section 21 In Section [51 we first consider paraproducts of functions 
on M. N rather than T . For this, local versions of the results of Sections [2] 
and [3] are required. These results are then used to prove boundedness es- 
timates for commutators with the so-called dyadic shift on product BMO d . 
These in turn lead to a result on the boundedness of iterated commutators 
with the Hilbert transforms on a suitable product BMO space, by means of 
the decomposition of the Hilbert transform into dyadic shifts and new results 
on the relation between dyadic and continuous product BMO spaces. 

Notation. Let T denote the unit circle. We identify T with the interval 
[0, 1) in the usual way and write T> for the set of all dyadic sub intervals. We 
denote by 1Z the set of all dyadic rectangles R = I x J, where / and J in T>. 
Let hj denote the Haar wavelet adapted to the dyadic interval /, 

k/ = i/r i/2 (x/ + -x/-), 

where / + and I~ are the right and left halves of /, respectively. 

For any rectangle R 6 1Z, the product Haar wavelet adapted to R = 
I x J = hi ®hj is defined by hp(s, t) = hi(s)hj(t). These wavelets form an 
orthonormal basis of 

Ll(T 2 ) = If e L 2 (T 2 ) : j f(s,t)dt = 0,J f(s,t)ds = for a.e. a,t g t\ , 
with 

/=£(/, h R )h R = Y, fR h R (/ e ^o(T 2 ))- 
Ren Ren 

We will be writing muf for the mean of / € L 2 (T 2 ) over the dyadic rectangle 
R = I x J and fn = fjj for the Haar coefficient (/, hp) = (f, hi ®hj). 

The space of functions of dyadic bounded mean oscillations in T 2 , BMO a! (T 2 ), 
is the space of all function b E Lq(T 2 ) such that 

(1) ||6|| 2 MO£i := sup -L IM 2 = sup |^||Pn6||! < oo, 

ncT 2 \ lL \ R€Q nci 2 l"l 

where the supremum is taken over all open sets fl C T 2 and Pq is the 
orthogonal projection on the subspace spanned by Haar functions hp, R G 1Z 
and R C 

It is well-known (see e.g. [3], [I]) that BMO d (T 2 ) is the dual space of the 
dyadic product Hardy space H^(T 2 ) defined in terms of the dyadic square 
functions S. 

That means, 

H 1 d (T 2 ) = {f£L 1 (T 2 ):S[f]£L 1 (T 2 )}, 
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where 

(2) s[/] = (Epi/*i 2 ) . 

For I a dyadic interval and e G {0, 1}, we define h £ j by 

f if 8 = 

hi ~ li/r 1 / 2 !^! if e = i 

For R = I x J £ 1Z and e = (ei, £2), with £j G {0, 1}, we write 

h% = h?®hj. 
We will consider operators of the following general form: 

(3) B eM {ct>, /) := Y, (</>, h%)(f, hi)hP R . 

Ren 

They appear naturally in the study of many other operators in complex 
analysis and harmonic analysis. In this note, we consider the paraprod- 
ucts appearing as pieces of the usual product in the Haar expansion and 
corresponding to non-diagonal terms in this expansion. Some of the other 
operators of the form given in (J3j) on endpoint spaces appear in [14j . 

In other words, we consider here paraproducts B^g ^((ft, •) with symbol (ft 

corresponding to triples (e, 5, (3) with e = (0, 0) and 



1 if fa = 
otherwise 



Finally, for simplicity, we can just denote the corresponding paraproducts 
by IF 3 . One easily sees that there are exactly four in dimension N = 2. We 
will occasionally use the notation 1 = (1,1), = (0, 0). 

As usual, for j = (ji, j%) G No x No we define the jith generation of dyadic 
intervals and the jth generation of dyadic rectangles, 

V h = {I G V : \I\ = 2-- 7 ' 1 }, 

n-j = V h x V j2 = {I x J G n : \I\ = 2- jl ,\J\= 2~ j2 }, 
the product Haar martingale difference, 



IR, 



Ren 3 



the expectations 

E jf = _ E A ^ 

fcGNoxNo,fc<J 

where we write (ki,k 2 ) = k < j = (j'1,.72) for k\ < ji, k 2 < ji and corre- 
spondingly (ki, k 2 ) = k< j = (ji,j 2 ) for fci < ji, k 2 < j 2 , 

4 l) f = ^ E %/. 

fceNoxNo,fci<i 
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and 

4 2, / = _ E A sf< 

fc€NoxNo,fc 2 <j 

for /GL 2 (T), J GN xN , 

We will also require the operators on L 2 (T 2 ) given by 

( 4 ) Qjf = E A kf 



Q\ 1} f = ^ E V 

fceNoxNo,fci>i 

of/ = _ E 

fcGNoxNo,fc2>i 

Note that contrary to the one-parameter situation, is not the orthogonal 
complement of the expectation Er. In fact, we have the relation 

(5) / = E n f + E^Q^f + Q$E®f + Qtf for kN xH ,/ G L 2 (T 2 ). 
Let 4> G L 2 (T 2 ). The (main) paraproduct II^ is defined by 

IV = n(<A, /) := E ( A J^)(^/) = E h ^R m Rf 

JeNoxNo 

on functions with finite Haar expansion. This is just the paraproduct n(°'°) 
introduced above. 

We will now define the space of functions of dyadic logarithmic mean 
oscillation on the bidisc, LMO d (T 2 ). 

DEFINITION 1.1. Let <f> G L 2 (T 2 ). We say that cf> G LMO d (T 2 ), if there 
exists C > with 

IIQ^IIbmo^) < c {h + 1) 1 (j2 + 1) 

for all j = (ii,j2) G No x No- The infinimum of such constants is denoted 
h V IMIlmo"- 

An alternative characterization, which is closer in spirit to the one-parameter 
case, is the following: 

PROPOSITION 1.2. Let (f> G L 2 (T 2 ). Then <f> G LMO d (T 2 ), if and only if 
there exists C > such that for each dyadic rectangle R = L x J and each 
open set Q C R, 

E 

1 1 Qen,Qcn 

Proof Let (f> G LMO d (T 2 ) in the sense of Definition [Ql let R = L x J be 
a dyadic rectangle with |J| = 2 - -? 1 , |J| = 2 _J2 , and let C R be open. Let 
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3 = (ji,h)- Then 

E l^l 2 = Willi = W p nQjH 2 2 < inillQ^llLo- 

QeTi,Qcn 

< I"' 0i + l)42 + I) 2 IHI ^° d ~ (1 °4 r2(l0g R r2| " IIHI ^ d - 

Conversely, suppose that G L 2 (T 2 ) and that © holds. Let j = (ji,j 2 ) G 
N§, and let OCT 2 open. Then 

ll^nQ^Hl = E \\ p RnnQ-<P\\ 2 2 

5^ C T77 ~) 777 / Pi ^ = C ~, 7777 777 ^ • 

(jl + I) 2 (32 + I) 2 ' ' (Jl + l) 2 l?2 + l) 2 ' ' 

This holds for all OCT 2 open, hence \\Qj4>\\ BMO d < {jl+1 ^ j2+1 y □ 

2. The main paraproduct 

Here is our main result of this section. 

THEOREM 2.1. Let (j) G L 2 (T 2 ). Then <j) G LMO d (T 2 ) ; if and only if 
11^ : BMO d (T 2 ) BMO d (T 2 ) is fcoimded, and ||II^||bmo-^bmo ~ IMIlmo"- 

Let us introduce some more notations. Given an integrable function / 
on T 2 and intervals I and J in T. We write mjf = rh fj f[s,t)ds, mjf = 

]jj fjfi s it)dt and, m,Rf = f R f(s,t)dsdt, R = I x J. We remark that 
mj/ is in fact a function of the second variable while m;/ is a function 
in the first variable. We will require the following lemma on the growth of 
averages and restrictions of functions in BMO. 

LEMMA 2.2. Let b G BMO d (T 2 ), k = (h,k 2 ) G N x N . Then 
\m R b\ < (h + l){k 2 + l)||6|| BMod(T2) (R G n % ); 

ll m / & llBMO d (T) ~ + 1 )ll & llBMO d (T2) i 1 e V kiY 
\\XRb\\l < (h + lf(k 2 + l) 2 \R\\\b\\l Mod{T2) (R G U % )\ 
WxiPjbg < (h + l) 2 |/||J|||6|| 2 Mod(T2) (R G %); 
and this is sharp. 

Proof. Let R = L x J, |J| = 2~ fcl , J = 2~ fe2 , fe = (h,k 2 ), j G N . For the 
first inequality, consider 

sup \m R b\ = sup |(^tw)| 



6eBMO d ,||6|| BMOd =l 6eBMO d ,||6|| BMOd =l 

< 11X.R 



^|H^(T 2 ) 
,|X7|I ||XJ|, 

- llpjllffi(T)llyj|llHi(T) 

< log(^)log( A + 1)^ + 1), 
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where we use the Hj(T 2 )- BMO d (T 2 ) duality in the first line and the known 
one-variable results in the last line. 
For the second inequality, note that 

H m ^llBMO d m ~ SU P \ I I T7iXi(s)f(t)b(s,t)dsdt\ 

/effi(T),||/|| H i<i ^ Jt l J l 



d 

~ H 6 llBMO d (T2) SU P ll|7|X/(s)/(t)||jjl(T2) 

f£HMY\\\f\\„i<l l J l 



1 

P II- 

a 

= H 6 llBMO d (T2)llj7|X/(s)ll//i(T) £ (h + l)l|ft|| B MO d (T2)- 

For the third inequality, write XR,b{ s ,t) = PrH 8 ^) + XR( s >t) m lb(t) + 
Xr{s, t)mjb(s) - xr{s, t)m R b. 

Clearly ||Pfl6||l<|i2|||6||2 MOd and 

\\ X Rm R b\\ 2 2 = \m R b\ 2 \R\ < (h + lf{k 2 + l) 2 |i?|||6|| BMOd 

by the first inequality in Lemma 12.21 The results for the remaining terms 
follow from the one-dimensional John-Nirenberg inequality, since e. g. 

||Xfl(s,tW>(*)l|2 = I^| 1/2 ||XJ(*W^)I|2 

< |/| 1/2 |J| 1/2 (A?2 + l)||m/6(t)|| BMO(ifr) 

< |/| 1/2 |J| 1/2 (^i + l)(fc 2 + l)||6|| BM o d ( T2 ) 



by the second inequality. 

For the last inequality, note that 

\\ X i(s)mj(Pjb)\\ 2 2 = lllWmjiPjb)]] 2 , 

BMO d (T) 

< |/||J|(A:i + l) 2 ||6|| BMod(T2) 

by the second inequality. 
Hence 

\\xi(s)Pjb\\ 2 < ||x/Wmj(Pj6)|| 2 + ||P/ x j6|| 2 

< \I\ 1/2 \J\^ 2 (ki + l)||6|| B MO d (T 2 ) + I^VHHIbMO^) 

< |/| 1/2 |J| 1/2 (A:i + l)||6||BMO d ( T2 ) 



by the second inequality. 

Sharpness follows easily from the one-dimensional case, forming an ap- 
propriate product of BMO a! (T) functions in the two different variables. □ 

Next, for k £ No x No and b £ L 2 (T 2 ), we consider the operator n&E^ = 
11(6, ■) on L 2 (T 2 ), given by 

U b E^f = U(b,E^f), f G L 2 (T 2 ). 
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LEMMA 2.3. Let b e L 2 (T 2 ) and let k = (h,k 2 ) £ N x N . Then 

||n b ££|| L 2_^ 2 = 1111(^(6), •) 11^2^2, 
where o~kb is given by 

bi,j if |/| > 2~ fc M J| > 2- fc 2 

(Zj>cjM 2 ) 1/2 if |J| > 2~MJ| = 2"*» 

i^b) I ,j={ (Zrci\br,j\ 2 ) 1/2 *f |/|=2- fc MJ|>2^ 

(Erc W IV,j'| 2 ) 1/2 if \I\=2~^,\J\=2-^ 

otherwise. 

In particular, 

S 2 [a f :b]=E f :S 2 [b], 
where S 2 [b] denotes the square of the dyadic square function in (d)), and 

1Mb = IN| 2 . 

Proof Let / G L 2 (T 2 ). Then 

lin^/ll 2 = ||£(V)WII 2 

J 

j>k h>k\,h<k-2 

+ £ W( A jb)E ijlM) ff + £ ll(Aj6)^/|| 2 

Jl<fclJ2>fc2 J<fc 

= iiEia^i 2 ) 1 / 2 ^/!^ £ ||( £ ia^i 2 ) 1 / 2 ^^/!! 2 

J>fc J2<fc2 Jl>fcl 

+ E IKE lA^^^^/f + ^iKA^^/ii 2 
= n^A^^/i^nn^,/)!! 2 . 

The remaining identities for a^b follow directly from the definition. □ 
Here is our main technical lemma. 
LEMMA 2.4. Let </),b G BMO d (T 2 ) and k = (k l ,k 2 ) 6 N x N . TTien 

||n (n(0,6),£?g •) || L 2^ L2 < + i)(Aj2 + 1) II^IIbmo^II^IIbmo^ 

Proof. By Lemma 12.31 we have to estimate the BMO d norm of cr^n^fe) = 
a^U^b)). Clearly 

a s (E^6) = or^IlS + a^Q^b) + a^Q^b) + ^(Q^b) 

= E^b+a^Q {2 ^b)+a % {Ef^ = I+II+III+IV. 

(compare this decomposition to the one in the definition of <7g in Lemma 
[23D. 
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We start with term I. For any open set f2 C T 2 , 

-l-||p^n^||l = p Yl \M 2 \m R b\ 2 

R=IxJ,\I\>2- k i,\J\>2- k 2,Rcn 
(fc 1 + l) 2 (fc 2 + l) 2 V 2 2 

~ \n\ ^ " "BMO d 

H=7"x J,|7|>2- fc i,|J|>2-'=2 l Kcn 

< (A;i + l) 2 (fc 2 + l) 2 ||0||2 MOd ||6|| 2 MOd . 

by Lemma [2721 

For term II, note that since a^(E^ Q^IL^b) has only nontrivial Haar 
coefficients for those R = I x J with |J| = 2 _/c2 and |/| > 2~ fel (this 
corresponds to the second term in the definition of in Lemma 12. 3|) , it is 
sufficient to check the BMO norm on rectangles R = I x J with \J\ = 2~ k ' 2 
and III > 2~ kl . Then 



= Tp[ X] l</>/'xj'| 2 |™/'xj'ft| 2 

rci,j'cj,i'xj'en 

< r^Tlin^lll^l^ll^Mo^lMli 

< (h + i)\k 2 + i) 2 u\\ 2 BUOd \\b\\ 2 B uo^ 



Term III is dealt with analogously. For term IV, note that since a^Q^U^b) 
has only nontrivial Haar coefficient for R E 7Z^, it is enough to check the 
BMO norm on rectangles of this type, and we obtain for R = I x J € 1Z^: 

|4 / iPR^Q^b^dsdt < -i- i^viV/v&i 2 

\ \ Jr I II I pci,j'cj 

= ^rW^XRbWl 

< (fci + l) 2 (A ;2 + l) 2 ||0|| 2 MOd ||6|| 2 MOd 
by Lemma 12.21 □ 

In particular, we have 
LEMMA 2.5. Let <f> e LMO d (T 2 ), 6 G BMO d (T 2 ) and fc,jGN x N . T/ien 



|n(n(Q^,&),^-) || L2 ^ L2 < 



\k + l\ „ 

' J ~'lLMO d ll w llBMO d ' 



\j + 1| 

w/iere |fc + 1| = (fa + l){k 2 + 1) and |j + 1| = {j x + l)(j 2 + 1). 

Proof. Definition 11.11 and Lemma 12.41 □ 
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Proof, of Theorem 12.11 We begin by proving necessity. Suppose that 
n : BMO d (T 2 ) -> BMO d (T 2 ) is bounded. Let R = I x J be a dyadic 
rectangle, with |/| = 2~ k and \J\ = 2~ l , and let Q C R be open. It is easy 
to see that there exists a function b G BMO ci (T 2 ) with 

b\ R =(k + l)(l + i) and ||6|| BMOd < C, 

where C is a constant independent of it!. Such a function can for example 
be found by forming the product b\ (g) 62 of two one- variable functions 61, 
62, which have the corresponding properties for the intervals I and J, re- 
spectively. For details on the construction in the one-dimensional case, see 
e. g. HQ. Then 



(^^) 2 (log^) 2 _ 2 ^ (fc + l) 2 (/ + l) 2 _ 2 

ioj ~ \q\ Iwl 

1 1 QeK,Qcn 1 1 Q£ii,Qcn 



i£r E l^l 2 kQ&l 2 <l|n^ MOd <c7 2 ||n 9 



|2 

IQI Z-^ lv ^' I '"VI — ll ii <P l 'llBMO d — w ll J - i (pllBMO ti ^BMO ti ' 

Qen,Qcn 



Thus E LMO ci (T 2 ) by Proposition \1.2\ with the appropriate norm esti- 
mate. 

To prove sufficiency of the LMO d condition for boundedness of the para- 
product on BMO d , let <j> £ LMO d (T 2 ) and b £ BMO d (T 2 ). We will estimate 
H n </> & llBMO d ~ ll n n(</,,6)llL2^L2 = P (11(0,6),-) \\ L 2_+ L 2 by mean of Cotlar's 
Lemma, and use Lemma 12.51 to control off-diagonal decay. 

For N,K £ N , let 



(7) 



and 



2 JV+l_ 2 2 A "+ 1 -2 

Pn,k= E E A J> 

h=2"-l j 2 =2 K -l 
00 00 

r"-*- E E % 

j 1= 2 N -1 j 2 =2 K -1 



Tn,K = H-Tl{<t>,b)PN,K = II (11(0, b),PN,K 



That means, we wish to estimate the I?— I? operator norm of n(n(0, b), •) 
En,k=o T n,k- Clearly T N ^ K T^, K , = for N ^ iV' or if / iT. Therefore, 
we only have to estimate the norm of k Tn* ,k' for N, N' , K, K' € N. 
Letting JV = max{ JV,iV}, iV = min{iV, iV'}, Z = max{K, K'}, K = 
mm{K, K'} and using the elementary identities 

n(n(0, b), -)P N;K = n(n(p 7V ^</», 6), .)Pjv,* 

= n(p 7V - x n(0, b), -)P N , K = P N ' K u(n((t>, b), -)p n , k 

and 

P N ' K U(U(<p,b),-) = U(U(P N ' K ^,b),-), 
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we obtain 

1 1 T" 1 * n~> I 

\\ 1 N,K I N',K'\ 



< 
< 



< 



< 



p N , K (n(n(</>, b), ■))* n(n(0, b), p Nt>K , -)|| 
p N , K u(u(^ b), ■))*p n > k p n '> k 'il(jl(<i>, b), -)p N , tKI 



p^n(n(0,6),-)*P^ r 
p 7V ^n(n(p F ^,&) 
p 7V ^n(n(p F ^,6) 



n{n(<t>,b),-)p N/}K/ \\ 

n(n(F^,&),.)iV,jHI 
||||n(n(p^,6),0Pi V 'K' 



n(n(p Jv ^0,6),p^-)lll|n(n(p JV ' A 0,6),p JV ,^ 

2^+! 2— +1 2^ +1 2^ +1 



2^2^ 2^2* 



2-\N-N'\2-\K-K' 



LMO d l 



lLMO d 1 1 1 1 BMO d 

by Lemma [2.51 In particular, the Tnk are uniformly bounded in norm, and 
there exists a positive sequence (a(i, j))jj>o with 

oo 

a(i,j) 1/2 < oo 

such that 



I^W^/HI < <*(\N - N'\,\K - K\ 



LMO d l 



Ibmc*' 



Thus, by Cotlar's Lemma, T = II(II(</>, 6), •) is bounded, and there exists an 
absolute constant C > with 



Hence 



LMO 

H n (0. b )llBMO d ^ 



lBMO d - 
LMO d l^llBMO d - 



□ 



In the previous theorem, sharp estimates of 1? norms of restrictions of 
BMO functions to rectangles were required. We do not know such sharp 
estimates for restrictions of BMO functions to general open sets: 



Question 2.6. By duality, 
\mnb\ < 



Xn n | 



I BMO' 



!, b E BMO d (T 2 ) 



for all open sets £1, and this is sharp for each individual set Q. 

Is it true that "estimates for p-norms are no worse than the estimate for 
the average m^b", i. e. 



\xnb% < 



Xn 



^rii#i (T 2)l^l /or 1 < p < oo? 



The John-Nirenberg Theorem [3] gives 

llxn&ll! <log(y^) 2p N, 

which is easily seen to be not sharp for certain sets Q (for example by con- 
sidering "long thin" rectangles and using Lemma \2. 
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3. The other paraproducts 

There are four dyadic paraproducts in two variables, namely the para- 
product II = n( 0,0 ) discussed above, its adjoint defined by 

n( 1 - 1 )(0,/) = A^/ = A(^,/)= w&xf* 

Ren ' ' 

and the mixed paraproducts given by 

ixJeiz ' ' 

n (o ' 1) (0,/)= £ hM^faxjmifj, 

IxJeK ' ' 

see [I]. Here and in the following, the variables are sometimes included 
to explain dependency on the different variables rather than to indicate 
pointwise equality. 

Interestingly, all four paraproducts have a different boundedness behaviour 
on BMO d (T 2 ). 

DEFINITION 3.1. Let <p e L 2 (T 2 ). We say that 4> E LMOf (T 2 ), if there 
exists C > with 



(iU„ - - 1 
BM ° d - - i + 1 



HOi VIIbmo- < c 

for all i G N . 

We say that <f> £ LMO^T 2 ), if there exists C > with 

\\Q? ^IIbmo* < c-^ 

for all j E No- TTie infimum of such constants is denoted by H'/'IIlmo''' 
IHIlmo^' respectively. 

THEOREM 3.2. Let € L 2 (T 2 ). T/ien 

(1) A<£ : BMO d (T 2 ) -> BMO d (T 2 ) is bounded, if and only if cp £ BMO d . 
Moreover, ||A^|| BMO d_> BMO d « ||<All B MO d - 

(2) n^' 1 ) (>,•) : BMO d (T 2 ) -> BMO d (T 2 ) is bounded, if '(f) e LMOf (T 2 ). 
Moreover, ||n^D(0 

' ')llBMO d (T 2 )^BMO d (T 2 ) ~ IMIlMO? (T 2 ) • 

(3) IlC 1 - ) (</),■) : BMO d (T 2 ) -> BMO d (T 2 ) is bounded, if <f> e LMO^(T 2 ). 
Moreover, ||n( 1 '°)(0, -)ll B MO d (T 2 )^BMO d (T 2 ) < IHIlmo^t 2 ) ■ 

Proof. (1) was shown in pp. To show (2), we will follow a simplified version 
of the ideas of the proof of Theorem 12.11 



LEMMA 3.3. Let b E L 2 (T 2 ) and Zei fcsN. T/ien 

Hnfe-^llL^L 2 = lin^wJlL 2 ^ 2 ! 

*/ |/| > 2- fc 

(Erc/I^/Vl 2 ) 172 if \I\ = l- k 

otherwise. 
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Proof. As in Lemma 12.31 □ 

It remains to prove the following. 
LEMMA 3.4. Let fabe BMO d (T 2 ), fceN. Then 

lin^ ' 1 )^),^ •) Wl^l* < (A; + l)||0|| BMod ||6|| BMod . 

Proof. We write E for E^ 1 ', and a for Following the results in Lemma 
13.31 we estimate 



\*k(n m (<f>,b))\\BMo* < lk fc (n (0 ' 1) (^^&))ll B Mo-+ll^( n(0 * 1) (Q^^^iiBMo^ 

We start with the second term. Since Tl^ ' 1 ^ (Qj-cj), b) has no nontrivial 



Haar terms in the first variable for intervals I with \I\ > 2 k 

^1/2 ^ 



a k (U^(Q k( p,b)) = Y^ E M*)(E l^lV/'M 2 ) 172 ^*), 



JGl>|/|=2- fe /'CI 

and this has only nontrivial Haar terms in the first variable for intervals 
/ with |/| = 2~ k . As before, the BMO d condition now only has to be 
considered on rectangles of the form R = I x J, \I\ = 2~ k . Thus 

\\P R a k (U^(Q k ^b))\\l = \\P R o- k (n m (PRQk<i>,b))f2 

< IMU^iPRQk^g 

= ||n(°' 1 )(PBQ^ J 6)||l 

= \\U^(P R <t>,xi(s)Pjb)f 2 

< \\Pr4W BMO 

< (k + i) 2 \R\U\\l uo 4b\\l uo ,. 

Now we have to deal with the first term ||crfc(n( 1 '°)(£'fc(/), 6))|| BMO ti. Let 
Q C T 2 be open and write Jj = Uj^xijxJcqJ for I £ V. Then 

||P n (^(n(°'%,&))) ||| = WPnakiU^iPnE^bMl 

< Wa^U^iPnE^bml = lln^P^^lli 

= n E E h ii s )TjX t ) ( t>u m i h j\\l 

IeV,\I\>2~ k J£T>:IxJCn ' ' 

E II E rj^umibjWl 

l£T>,\I\>2- k JQJi ' ' 

= E W^rn^PjT&lWl 

IeV,\I\>2~ k 

Z E W^MIuoAPjMI 

iev,\i\>2~ k 

< (fc + l) 2 IN;^EII p ^ll2 

lev 

< (k + l) 2 \\b\\l Mod \\Pnn 2 2 

z (k + inb\\i MOd u\\ 2 BMO M 
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by Lemma 12.21 □ 
As in the last section, we immediately deduce 

(8) \\u{u^(QfU,b),E^.) \\ L ^ L2 < ^IHI LM o?II&IIbmo- 

The remainder of the proof of (2) is now exactly analogous to the proof of 
TheremEU defining T N = IlfTlt ' 1 )^, -),P N -), where P N = ES^i A P' 
and using Cotlar's Lemma in one parameter. Finally, (3) follows by simply 
switching variables. □ 

4. Generalization to more than two variables 

The results of Section [2] and [3] generalize easily to more that two variables. 
We will just state the results here, the proofs are very similar to those in 
the previous sections. 

Let N E N, let K = {R = Ri x • • • x R N E T N : Rj E V} the iV-fold 
Cartesian product of the set of dyadic intervals V, and let (/liO-ReM denote 
the corresponding product Haar basis of Lq(T n ). Recall that a function 
b E L 2 (T N ) is in the dyadic product BMO space BMO d (T iV ), if 

W b W 2 BMO d = S ^P IO| Yl ^ < °°- 

^eT^open R( - n 

Definition 4.1. Let e L 2 (T N ), 5 = (5x,--- ,5 N ), Sj e {0,1}. Then 



E LMOOT^), if and only if there exists C > such that for each dyadic 



rectangle i? = i?i X i?2 x • • • x i?jy G T> and each open set ft C R, 

bg( )2...1og( ^ )2 



where 



Rs< 



\n\ 



Rj ^ if 5j 
T otherwise. 



When S = = (0, • • • , 0), LMO^T^) corresponds to the generalization 

of LMO a! (T 2 ) and is denoted by LMO d (T Ar ). One easily sees that for <5 = 
(1, • • • , 1) = 1, the corresponding space is just the space 

As before, we consider paraproducts as defined in ([3]) for triples (e, 5,f3) 
with e = (0, ■ ■ ■ ,0), and 



For simplicity, we write 



1 if fa = 

otherwise. 



(9) nj/ = B^fo, f) := Mf, 4>>4 

Ren 



As in the case N = 2, LT and A are given by LT^ for /3 = (0, • • • ,0) and 
(3 = (1, • • • ,1), respectively. 

Here is the result on the boundedness of IT! on BMO^fT^). 
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THEOREM 4.2. Let <f> G Lq(T n ), = (pi,-- - ,/3 n ), Pj E {0,1}. Then 

(1) nj ,, "" 0) = n : BMO d (T Ar ) -> BMO d (T Ar ) is bounded, if and only if 
0eLMO d (T JV ). Moreover, 

l|n</)|lBMO ti ->BMO ti ~ H^llLMO d - 

(2) nj'-' 13 = A : BMO d (T Ar ) -> BMO a! (T Ar ) is bounded, if and only if 
<t> G BMO d (T 7V ). Moreover, 

H^VIIbMO^BMO 1 * ~ IHIbMO^ 

(3) For /3 / (0, • • • ,0),(1,--- ,1), 

nj : BMO d (T 7V ) -> BMO d (T Ar ) is founded if <fr € LMO d JT N ). 
Moreover, 

ll n ^llBMO d (T JV )->BMO d (T JV ) ~ H^HlMO^' 

5. HANKEL OPERATORS, COMMUTATORS AND DYADIC SHIFTS 

In this section, we are interested in application of the previous results to 
boundedness of iterated commutators with Hilbert transform on H l (JH N ), 
i.e the predual of BMO(M^) as defined by A. Chang and R. Fefferman [3j. 
Again, for simplicity, we restrict our presentation to the two dimensional 
case, as the general case follows the same way. 

We will be writing H% and H 2 for the Hilbert transform in the first and 
second variable respectively. Let us first recall the following result. 

THEOREM 5.1 ([3E1E]). Let b G BMO(M 2 ). Then 

[H ly [H 2l <t>]] :L 2 (R 2 )^£ 2 (R 2 ) 

is bounded, and [H 2 , 4>]}\\ L 2^ L 2 « ||^||bmo- 

One would like to characterize boundedness of commutators on the end- 
point spaces H 1 ^ 2 ) and BMO(K 2 ) in an analogous fashion in terms of a 
suitable notion of LMO(M 2 ). However, this is not possible even in one pa- 
rameter (see e. g. [8J, Remark 4.1). The reason is the slow decay of the kernel 
1/x of the Hilbert transform. This means that for <j> with compact support 
and / G an atom, (pHf will be integrable, but cj)f will in general 

not have average zero, so H((j)f) behaves like 1/x at 00 and is therefore not 
integrable at 00. On the dual side, this amounts to saying that one should 
only consider functions with compact support in BMO(M 2 ). 

In terms of our main result on paraproducts Theorem 12, 1\ one sees easily 
that there is no good estimate for averages of BMO d (R) functions, and 
the theorem does not hold for BMO d (M 2 ). However, we will prove a local 
estimates for paraproducts and commutators. Our tools are adapated for 
the case of M. N . It would be interesting to see the result in the case of the 
polydisc. 

Let 

(10) BMO([0, l] 2 ) := {/ G BMO0R 2 ) : supp/ C [0, l] 2 }. 

and 

BMO d ([0, l] 2 ) = {/ G BMO d (M 2 ) : supp/ C [0, l] 2 }. 
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We say that / E LMO d ([0, l] 2 ), if / E BMO d ([0, l] 2 ) and there exists C > 
with 

WQ kf Wbmo^) < C ( kl + l)(k 2 + l) ^ik = (h,k 2 ) E No x N . 

The spaces LMO^([0, l] 2 ) are defined correspondingly. Here are our local 
estimates on paraproducts. 

THEOREM 5.2. Let <j) E L 2 ([0, l] 2 ), /3 = (/3i,/3 2 ), E {0, 1}. Then 

(1) nj ' 0) = n : BMO d ([0, l] 2 ) -> BMO d (M 2 ) is bounded, if and only if 
<f> E LMO d ([0, l] 2 ). Moreover, 

H n </-llBMO d ([0,l] 2 )->BMO d (M 2 ) ~ H^llLMO d ([0,l] 2 )- 

(2) nj' 1} = A : BMO d ([0, l] 2 ) -»• BMO d (M 2 ) is bounded, if and only if 
(p E BMO d ([0, l] 2 ). Moreover, 



H^</'llBMO' i ([0,l] 2 )->BMO d (R 2 ) ~ H^llBMO d ([0,l] 2 

(3) For fa (0,0), (1,1), 

: BMO d ([0,l] 2 ) -> BMO d (M 2 ) is bounded i/ E LMOt([0, l] 2 ). 
Moreover, 

ll n/?( ? !, llBMO [i ([0,l] 2 )^BMO d (R 2 ) ~ II^HlMO4([0,1])' 

The theorem relies only on the appropriate version of Lemma 12.21 an d a 
slight change of the decomposition of the identity in the proofs of Theorem 
IO and 1331 

LEMMA 5.3. For a bounded (not necessarily dyadic) interval Jcl, let 

'log|J| _1 + l for \I\<1 



S (I) 



1 for \I\ > 1. 



For a bounded (not necessarily dyadic) axis-parallel rectangle R = I x J C 
R 2 , let s(R) = s(I)s(J). 

Then for each b E BMO([0, l] 2 ) and each rectangle R = I x Jet 2 , 



(1) 


\rnRb\ < s( J R)||6|| BMO (R2); 


(2) 


II™/&IIbmo(R) ^ s(^)II & IIbmo(r 2 ) ; 


(3) 


IIx^III<K^) 2 I^III^II| M o(m 2 ); 


(4) 


\\xlPjb\\l<s(lf\I\\J\\\b\\l uo{w , 


(5) 


\\xmMl < s(J)h(I) 2 \I\\\bf BUO( 



and this is sharp. Here, Pjb(s,t) = Xj(t)(b(s,t) — mjb(s)). 
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Before proving this lemma, let us first turn to the relation of BMO([0, l] 2 ), 
BMO(R 2 ), BMO(T 2 ), and BMO d (R 2 ). 

First let us consider the relation between BM0(1R 2 ) and BMO^K 2 ). This 
was clarified only quite recently in [13], [18]. Given a = (aj)j^z G {0, 1} Z 
and r G [1,2), we denote by T> a ' r = rT> a the dilated and translated standard 
dyadic grid V of R in the sense of [?]. For a = (a 1 , a 2 ) G {0, 1} Z x {0, 1} Z 
and r = (ri,r2) G [1,2) 2 , we define T> a ' r to be the dilated and translated 
product dyadic grid in R 2 . That is Q = Q x x Q 2 G V S ' P if Q 1 G r ± V al and 

2 

Q2 G r^D 01 . The work in [13] . |18j implies in particular that 
BMOQR 2 ) = p) BMO d '^(IR 2 ) 

aG{0,l} z x{0,l} z ,re[l,2) 2 

f) BMO d '"' r "(M 2 ) for any f* G [0, l) 2 , 

ae{0,l} z x{0,l} z 

where BMO^'^'^M 2 ) is the dyadic BMO(M 2 ) defined with respect to the 
product dyadic grid V a,r . One also obtains that 

BMO([0,1] 2 )= BMO dAf ([0,l] 2 ). 

ae{0,l} z x{0,l} z ,re[l,2) 2 

Now let us consider the relationship between BMO([0, l] 2 ) and BMO(T 2 ). 
It is easy to see that under the usual identification of [0, 1) and T, BMO([0, l] 2 ) 7^ 
BMO(T 2 ). A simple example is the function 

b(s, t) = log(min(s, 1 - s)) ■ log(min(t, 1 - t)) (s, t) G [0, l] 2 , 

which is in BMO(T 2 ), but not in BMO([0, l] 2 ). 

On the other hand, for each a < 0, b > 1, we can extend b G BMO([0, l] 2 ) 
to a doubly (b — a)-periodic function in BMO(M 2 ), by first considering it as 
a function on [a, b) 2 and then extending this function doubly periodically. 
Of course the subspace of doubly 1-periodic functions in BMO(M 2 ) can be 
identified with BMO(T 2 ), and for any b > a, the subspace of doubly b — a 
periodic functions in BMO(M 2 ) can be identified with BMO(T 2 ) by means 
of an appropriate dilation. 

Proof, of Lemma f5.31 The proof follows mostly from Lemma [2.2l but we have 
to attend to a few technicalities. Let R = I x J be a rectangle. We only need 
to consider the case that Ix Jn[0, l] 2 / 0, that is ln[0, 1] / and Jn[0, 1] ^ 
0. If |/|, I J| < 1, then RU[0, l] 2 C [-1, 2] 2 . By first considering the functions 
in BMO([0, l] 2 ) as functions on [—1,2), then extending doubly periodically 
with period 3 and identifying the space of doubly periodic functions with 
period 3 in BMO(M 2 ) with BMO(T 2 ), we can apply Lemma O to obtain 
the desired estimates (1) - (5). Note that (5), which didn't appear explicitly 
in Lemma [2721 is a simple consequence of (2) and (3), applied for the one- 
dimensional case. 
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Then (1) is obtained in general by writing I' = I D [0, 1], J' = J D [0, 1] 
and observing that \I'\s(f), \ J'\s(J') < 2, which yields 

\J>\ \j>\ 
\mi xJ b\ = j7j""|7j"l m ^'x^' & l - | 7 | |j| s(l')s(J')\\b\\ B MO 



< s(I)s(J)\\b\\ BM o for |/|,|J| > 1 



and 



\mi xJ b\ = jj^\m rxJ b\ < -|y|-s(/')s( J) ||6|| B MO 

< s(/)s( J)||6||bmo for |/| > 1 and |J| < 1. 

To get estimate (2) in case |/| < 1, we need to check boundedness of 
1 711/2 ll-Pi m -Z"fr||2 for arbitrary intervals J with J(1 [0,1] 7^ 0. For |J| < 1, 
we get the desired estimate as above. For \J\ > 1, write J' = J n [0,1], 
J" = Jn [0,1] c and obtain 

Pjrrnb(t) 
= Xj{t)(mib(t) -mixjb) 

( n ) =XJ'(t) \ rnib(t) - JJ\ m ixJ' b J ~ XJ"(t)jj^m IxJ 'b 

\J"\ \J'\ 
= XJ'(t)(mib(t) -m IxJ ,b) + XJ'(t)-^-m Ix j,b - XJ"(t)jj^m Ix j,b. 

Thus 

\\Pjmib{t)\\ 2 < \\xj>(mib(t)-m Ix j,b)\\ 2 

\J"\ \J'\ 
+ \\XJ'(t)-^-m Ix j,b\\ 2 + \\XJ"{t)jj^m IxJ/ b\\ 2 . 

The first summand is estimated by the previous argument for the case | J\ < 
1. For the second and third summand, we observe that by (1), 

\™>i x j'b\ < s(I)s(J')\\b\\ B MO 
and consequently, as \J'\ < 1, 

\J"\ I J'\ 1/2 \J"\ 
\\XJ'{t)-^-m IxJ/ b\\2 < rjj s(I)s(J')\\b\\ BM o < s(/)||6||bmo 

and 



I T'\ I /"I 1 / 2 ! V\ 

\\XJ»(t) l jj±m Ix j,b\\ 2 < 1 1 1 s(I)s(J')\\b\\ BM o < S (/)||6||bmo. 

Now consider the case |/| > 1, / n [0, 1] ^ 0. Similarly to the above, let 
I' = I Pi [0, 1]. Writing mjb = ^jj-mpb, we obtain the same result. 
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It will be useful for the further estimates to prove (5) at this point. It is 
clear for |/|, \J\ < 1, otherwise 

Wximjbg = I^Hx^fell! < I^ S (J') 2 |J1 S (/') 2 ||6|| 2 BM0 



<s(J) 2 S (I) 2 \I\\\bf BM0 . 



For (3), write for R = I x J 

XRb = Pub + XRmib + XR^jb - XR^R-b 

and use (1) and (5). 
For (4), write 

Xi{s)Pjb(s,t) = Xl(s)x.j{t)b(s,t) - xi(s)mjb(s) 

and use (3) and (5). □ 

Proof, of Theorem 15.21 We only prove the assertion (1). The proof for the 
other paraproducts uses the same ideas combined with those in the proof of 
Theorem 1331 

We want to prove that given 4> £ LMO d ([0, l] 2 ), b £ BMO d ([0, l] 2 ) and 
/ G L 2 (M 2 ), the function 11(11(0,6),/) belongs to L 2 (M 2 ), with the appro- 
priate norm estimate. 

We now work with the standard system T>(R) of dyadic intervals in M, 
the Haar basis (hi frj)/,Jex>(») = ( h R)ReV(R)xV(R) of L 2 (R 2 ), and the 
decomposition 

oo oo 

/-EE ¥■ 

Ji=-oo j 2 =-oo 

where 

Aj/= E h^hj^ifM^hj) 

\I\=2~h t \j\=2-n 

= E h R {f, h R ) for ji, 22 e Z. 

R&T> h (l)xB 32 (R) 

Then 

T := II (11(0, 6), •) = J P(o,i)27 1 + P( 0>1 ) x ( 0)1 )cr + P( 0il ) Cx ( 0)1 )T + P( 0il ) Cx ( 0il )cT, 
where 

oo oo 

^(0,1) x (0,1) = EE A J' 

ji=Oi 2 =o 



^(o,i)x(o,i) c - E E A 

31=0 ja=-oo 



^(o,i) c x(o,i) = E E A 

ji=— oo j2=0 



-P(0,l) c x(0,l) c 



oo —1 

) 

— 1 oo 

E E 

jl = — CO j2 = — CO 
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Hence we only need to check the L 2 -boundedness of each of the four terms 
in the right hand side of the above identity. 
The estimate for 

p (0jl)2 n (n(& b), /) = n (n(p (0)1)2 <£, b), /) 

for / G L 2 (M 2 ) is obtained exactly as in the proof of Theorem l2.lt with the 
help of the growth estimate in Lemma 15.31 
For the fourth term, we observe that with 

• P (0,1) C X(0,1)« : 

n(n(0,6) ) .) = n(n(p (o 

we only have to check that for given 4> £ LMO d ([0, l] 2 ) and b E BMO d ([0, l] 2 ), 
^(o,i) c x(o,i) cII (^' & ) belongs to BMO d (R 2 ). Using the fact that for R = 
I x J G 1Z with |J|, | J| > 1, \mnb\ < ||&||bmo ? one obtains directly that for 
any open set QcR 2 , 

\\Pn (P (o ,i)c x( o,i)cn(0,6)) || 2 < ||Pn^||il|6|||MO, 

which proves that this term is bounded on L 2 (M 2 ). 

As the second and third terms are symmetric, we only prove the bounded- 
ness of the second one. For this, we need to go back to the proof of Theorem 
13.21 Again, we use that 

-P(0,l)x(0,l) c 

n(n(^6),o = n(n(p (0 

,l)x(0,l) c< ?' OO- 
LEMMA 5.4. Let 4>,be BMO d (T 2 ) ; k G N . Then 

\\u(u(P {0yl)x(0 ^,b),E^ \\ L 2^ L 2 < (fc + l)||0|| BMod ||6|| BMod . 

Proof. We follow the proof of Lemma 13.41 Again we write E for E^ l \ and 
a for o~^ l \ As in Lemma 13.31 we need to estimate 

\Wk (n(P(o,i)x(o,i) c( ^' ^)) llBMO d 
< ||o-fc (n(P( O>1 ) x ( O)1 ) C £'fc0, b)) \\ BMO d + \\au (n(P( ,i)x(o,i) c( 3fc^' ^)) llBMO d 
= II (n(P(o,l)x(0,l) c ^^'fr)) llBMO d + W a k (n(P(0,l)x(0,l) c( 2fc^' & )) IIbmo^- 



Starting we the first term, we obtain for any open set S!cK 2 , 
p||J^(n(P ( o,i) X (o,i )e ^,6))||l = p Yl \M 2 \m R bf 

11 11 i?.=/xJ,|/|>2- fc ,|J|>l,_Rcn 



E i**i s 



\n\ 

1 1 R=Ix j,\i\>2- k ,\j\>i,Rcn 

< (* + 1) 2 |I<mo'II 6 II£mO- 



where we use Lemma 15.31 

For the second term, we observe that o~k (^-(P(o,i)x(o,i) c Qk4'j b)) has only 
nontrivial coefficients for those rectangles R = I x J with |/| = 2~ k and 
| J | > 1. Hence, it is enough to check the BMO-norm on rectangles R = I x J 
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with |/| = 2~ k and \J\ > 1. We obtain 



\\P R a k (n(P( 0j i)x(o,i) o( 3fe^ fo )) 111 = E I ( CTfc ( n ( p (o,i)x(o,i) c( 5fc^' fe )))/,j/ 1 2 



J'CJ 



|4EE \<PrA 2 \mi'jM 2 

I'CIJ'CJ 

±.\\U(P R tf> tX Rb)\\i 



< 



< 



BMO 



BMO d I^HBMO d 



1 

□ 

The remainder of the proof of boundedness of P( ,i)x(o,i) c n (11(0, 6), •) 
follows now with Cotlar's Lemma exactly as in the proof of Theorem 13.21 

□ 

Before giving our main result of this section, we introduce the space 
LMO([0,1] 2 ). 

DEFINITION 5.5. Let f e L 2 (M. 2 ). We say that f € LMO([0,1] 2 ) if 
supp/ C [0, 1] 2 ; and there exists a constant C > such that for any 
QElxI, re [1,2) 2 ; and] = (ji,j 2 ) G N x N , 

1 



WQf /II B MO<^([0,1P) ^ C '( J1 + 1)( J2 + 1)- 

Here, Qj ,r denotes the projection as in (jJJ), but relative to the dyadic grid 
D a ' r . More precisely, 

Qf/M) = £ (f,h?> n hf^)h?*(8)h?<*(t), 

n\i\<2-h,r 2 \J\<2-h 

where /i" i,n is the Haar wavelet adapted to I G r{D ai , 1 = 1,2. 

Clearly, LMO([0, l] 2 ) continuously embeds into BMO([0, l] 2 ). Moreover, 
if we denote by LMO W ([0, l] 2 ) the subset of BMO^QO, l] 2 ) of functions 
/ such that there exists C > with 

WQf 7ll B Mo<w([o,in ^ + 1 ) 1 (j2 + 1 ) for an y J G No x N , 

then of course 

LMO([0,1] 2 )= p| LMO d ' 5 ' F ([0, l] 2 ). 

ae{0,l} z x{0,l} z ,re[l,2) 2 

LMOi([0, l] 2 ) and LMO2([0, l] 2 ) along with their dyadic counterparts are 
defined analogously. 

Here is the main result of this section. 

THEOREM 5.6. Let £ LMO([0, l] 2 ). Then 

[Hi, [H 2 ,<f>]] : BMOQ0, l] 2 ) -> BMO0R 2 ), 

is bounded, and \\ [H u [H 2 , </>]] ||bmo([o,i] 2 )->bmo(ir 2 ) ^ II 0IIlmo([o,i] 2 ) • 
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Proof, of Theorem 15,61 We use the representation of the Hilbert transform 
as averages of dyadic shifts from [H], [7]. Let S : L 2 (R) -+ L 2 (R) be 
the bounded linear operator defined by Shj = hj+ — hj-, I £ V. Define 
SW = S O 1, = 1 ® S, as operators on L 2 (R 2 ) = L 2 (R) ® L 2 (M). For 
the averaging technique, we need to investigate the iterated commutator 

[sw,[sw, <{>]}. 

We first prove the following dyadic analogue of the commutator theorem. 
THEOREM 5.7. Let G LMO d ([0, l] 2 ). Then 

[S m ,[S (2 \0]} : BMO d ([0, l] 2 ) ->■ BMO o! (M 2 ) 
is bounded, and \\[SW , [S^, </>]] || B MO d ([o,i] 2 )^BMO d (]R2) < H0ll L MO d ([o,i] 2 ) ■ 

Proof. We formally decompose the multiplication operator with <p into 9 
parts: LL^,, A^, itf ' 1 ^, rtf 1 ' )^, R^, Rn<j>, A R(j) , IL R(f> , R R<t> , corresponding to 
the matrix elements {M ( f > h I (s)hj(t),h I '(s)hj>lt)) for I' C I, I' = I, I' C I, 
I 1 D I, J' C J, J' = J, J' D J. Notice that the operator i? denotes the 
Haar-diagonal part of the multiplication operator. 

It is easy to see that S^~> and S*( 2 ) are bounded on BMO d (K 2 ). Thus, 
after considering Theorems 12. 1\ 13.21 and symmetry of variables, we are left 
to consider [S®, R R(f> }], [S« [S( 2 ), H^]], [S( 2 ), A^]]. 

We recall that 

Rr^Ks^) = ^2bijmij(<p)hi(s)hj(t), 
I, J 

nfl 6(s,i) = ^2mj((f)i)mi(bj)hi(s)hj(t) 



i, j 



and 



A R ^b(s,t) =^mj{4>i)b I> jh I {s)h 2 J {t). 
I, J 

We start with [S'W, [5 (2) , i?^]]. One verifies that 

[S^.-Rk^jj = (mi,j<j> ~ m I+tJ (j) - m ItJ +(j) + m J+jJ +0)7t /+ ,j+ 
+ {mi,j<t> - m I+J 4> - m ItJ -(f> + m I+) j-^)h I+t j- 
+ (mij4> ~ ™>i-,A ~ m i,j~4> + ™>i-,j+<l>)hi- ) j+ 

+ (mijcf) - mj-jcf) - m ItJ -(t> + m;-,;-^)^-,;-. 

Thus [S^, [S( 2 \ Rra]] preserves the orthogonality of the Haar system 
Letting <f> = Ek+ij+i^ for \I\ = 2~ k , \ J\ = 2~ l , we find that 

\\[SW, [S^^R^hug = -mi4>(t) -mj4>(s) + m IxJ 4>\\ 2 

1 )Pixj4>\\1 < T7n-?r ll-P/xj^lll < 



\i\\j\ " JAJ "" Z " |/||J| 
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Hence for b = J2i,j e v h i,J b i,J G BMO d (IR 2 ), (ICR 2 open, 
\\Pn[S^,[S^,R R ^]]b\\ 2 2 < ||[S ,(1) ,[S (2) ,^]]Pn6||l 

^ E \\Kuot ect (R*)\ b i,j\ 2 

ixJen 

< U\\* dn .«, ll&ll* ^Ifil 



lBMO d (M 2 ) rect 11 ll BMO d ( 
- 4 H^llBMO d ([0,l] 2 )H 6 llBMO d (IR 2 )l^l' 

where Q = Ui : j e x>,ixjcnl x </ and /, J are the parents of /, J. Thus 

(12) ||[5 {1) ,[^ 2 U^]]|| B MO d ([o,iP) 

Here BMO^ erf (M 2 ) is the dyadic rectangular BMO space which continu- 
ously contains BMO d (IR 2 ) and consists of function / G Ll(R 2 ) sucn triat 

sup \\Pi x jf\\= sup —7—- \\f(s, t)-m I f(t)-mjf{s)+m IxJ f\\l < oo. 
ix.JeV(R) 2 ix.JeV(R) 2 \ I \\ J \ 

For the boundedness of [S<V , [S^ ,U R4> }} and [S^\ [S^,A R4> }} from BMO rf ([0, l] 2 ) 
to BMO d (M 2 ), we remark that since S" (1) is bounded on BMO d (M 2 ), we only 
need to show that [S^A^] and [S^ ,U R(f> } are bounded from BMO d ([0, l] 2 ) 
to BMO d (M 2 ). 

Straightforward computations give us for b G BMO d ([0, l] 2 ), 
[S^,A R ,](b)(s,t) = 



1 ^ ^ n f Xj-+(t) Xj—{t) Xj++(t) Xj+-if)\ 

271 fr 6 "*" Ms) VT^T " T^T " + TFT J 

i , J 



1 =A 5 (6)( a ,t), 



2^2 

where 6(s,i) = J2 Ij jbrjhi(s)(h J -+(t) - hj — (t) - h J+ +(t) + hj+-(t)) and 

^ = Ei,j4>i,jhi(s)(hj- + (t) - hj-(t) - h J++ (t) + h J+ -(t)). 
We obtain in the same way 

[S^,U R<t> ](b)(s,t) = <t>u™i{bj)hi{s) kj ~ ^j^pf 1 — 



^ (^ I jm I {bj)hi{s) (^j 



Xj-+(t) Xj—(t) Xj++(t) + Xj+- 



-+\ I J— I |J++| |J+" 



! n A ,(6)( s ). 



2^/2 



Since ||&|| B MO d ([0,l] 2 ) ~ H & llBMO d ([0,l] 2 ) and IHlLMO d ([0,l] 2 ) ~ ll^llLMO d ([0,l] 2 )' 

we obtain 



(13) \\[S^\ [S( 2 \ Aij0]]|| BMO d([ O)1 ]2)^ BMO d(R2) ^ ll^llBMO d ([0,l] 2 



and 



(14) \\[S W , [5 ,(2) ,n R 0]]|| BMO d ([Oil] 2 ) ^ BMO d (M 2 ) < IHI L Mo d ([o,i] 2 ) 
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by Theorem 13. 2[ Swapping variables yields 

(15) || [5 ^, [5 ,(2) ,^A0]]|| B MO [i ([O,l] 2 )-^BMO d (K 2 ) ~ H^llBMO d ([0,l] 2 ) 

and 

(16) ||[S (1) ,[S (2) ,i2nJ]H BMO d ([0,l] 2 )^BMO d (R 2 ) ~ H^llLMOgCCO,!] 2 )- 

This finishes the proof of Theorem 15.71 □ 

To finish the proof of Theorem 15.61 we need to consider the relation be- 
tween BMO(R JV ) and BMO d (M Ar ) established in (13} H8]. 

Let us momentarily return to the one-variable setting and recall the fol- 
lowing result which simplifies the one in \12\ . 

THEOREM 5.8. (Theorem 1.1 of [7JJ For r G [1,2) and (3 G {0, 1} Z , let 

S^ ,r be the dyadic shift associated to the dyadic system rV 13 . Let \i stand 
for the canonical probability measure on {0, 1} Z which makes the coordinate 
functions (3j independent with fj,(/3j = 0) = fj,(/3j = 1) = 1/2. Then for all 
p G (l,oo) and f G i7(R), 

(17) Hf(x) = -- I" [ S^f(x)d^)-, 

n Ji J{o,i}% r 

where the integral converges both pointwise for a.e. i£f and also in the 
sense of an L p (M)-valued Bochner integral. 

Returning to the two-variable setting, we obtain for b G BMO([0, l] 2 ), 
<fi G LMO([0, l] 2 ): 

[H 1 ,[H 3 ,<i>]]b=™ f f [ [ [s^^AS^' n ,4>]]bM^)—M^)—- 

7T Jl Jl J{0,1} Z J{0,1} Z r l r 2 

Now since b G BMO([0,1] 2 ), <f> G LMO([0, l] 2 ), we have that b G BMO w (R 2 ), 
and G LMO^'^K 2 ) for each a = (a 1 , a 2 ) G {0, 1} Z x {0, 1} Z and 
r = {r\,r2) G [1>2) 2 with uniformly bounded norm (see e. .g. [6]). Thus 
there exists a constant C > such that 

\\[S al ^,[S a2 ^,<P]]b\\ B MO^ < C||6||bmo|^||lmo for all (a 1 ,a 2 ,n,r 2 ) 
by Theorem 15.71 By [18], Remark 0.5 (see also [13]), it follows that 

^ f 2 f f f [^^.[^^.^y^a^d^Q 2 )^ S BMO(M 2 ) 

7T Jl Jl J{0,1} Z ^{0,1} Z r l r 2 

with norm controlled by ||6||bmo ||0||lmo- The proof is complete. 

□ 
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